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Mean-field algebraic approach to the dynamics of
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Abstract. We consider a one-dimensional optical lattice of three-dimensional
Harmonic Oscillators which are loaded with neutral fermionic atoms trapped into two
hyperfine states. By means of a standard variational coherent-state procedure, we
derive an effective Hamiltonian for this quantum model and the hamiltonian equations
describing its evolution. To this end, we identify the algebra L of two-fermion operators
–describing the relevant microscopic quantum processes of our model– whereby the
natural choice for the trial state appears to be a so(2r) coherent state. The coherent-
state parameters, playing the role of dynamical variables for the effective Hamiltonian,
are shown to identify with the L-operator expectation values thus providing a clear
physical interpretation of this algebraic mean-field picture.
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1. Introduction
Recently, a hierarchy of Hubbard-like Hamiltonians has been proposed to describe the
behavior of ultracold fermions in one-dimensional optical lattices (1).
These lattices can be realized with a pair of lasers propagating at a given angle
θ (θ = pi represents the familiar counterpropagating case), with global confinement
ensured by a magnetic trap (see Fig. 1, for a detailed description of this setup see
(2)). The pair of lasers give rise to a interference pattern needed to obtain a periodic
potential by AC Stark effect. The lattice constant can be adjusted tuning the angle θ
according to the relation d = λ/2 sin(θ/2) where λ is the laser wavelength. In addition,
it is possible to control both the barrier height of the periodic potential (as a function
of the laser intensity) and the interaction between fermions via an external magnetic
field (Feshbach resonance, see, e.g. (3)).
Figure 1. Sketch of the experimental setup considered. Two laser beams, propagating
at an angle θ, give rise to an AC Stark induced periodic potential. In addition the
fermionic cloud is confined by a cigar-shaped magnetic trap with trapping frequencies
Ω⊥ and Ωx.
These simple considerations allow one to understand how ultracold-atoms physics
offers the possibility to explore experimentally a wide range of parameters set that
would be unattainable in other contexts, such as the Hubbard model in condensed
matter physics.
As a first step towards the description of the cited models, we propose here a
mean-field algebraic approach based on coherent-states procedure (4) for a fermionic
one-dimensional array of harmonic wells. Although the analytical approach followed here
may be regarded as completely general, future numerical analysis will concentrate on a
dimer with a six-level structure per well as depicted in Fig. 2). The approach followed
here allows one a straightforward reformulation of the the usual mean-field approach for
quantum system (based on the ‘linearization’ of the Hamiltonian and the subsequent
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solving appropriate self-consistency equations) in terms of a corresponding classical
dynamical system. While, for fermions, the interpretation of the aforementioned
classical dynamical system as a semiclassical approximation seems not beyond need
of justification, it is possible to give a precise physical interpretation to the dynamical
variables of the classical problem in terms of expectation values of quantum operators.
In general, it is possible to consider a mean-field approach to a given problem as the
constrained minimization of the Hamiltonian Hˆ over a algebra L. A different choice of
L will lead to different mean-field solutions ((5; 4; 6)). In particular, we will focus on the
so(2r) coherent states that, as it will be shown, will lead to the Hartree-Fock-Bogoliubov
(7) mean-field approximation, whose effectiveness has been proven for a single spherical
harmonic trap in (8).
The paper is organized as follows. In section 2 a brief discussion of the general model
considered will be given, along with some possible approximations in different physical
situations. As we already mentioned, the fully-analytical control over the physical
parameters allows to conceive various Hamiltonians that may have direct experimental
relevance. In section 3 so(2r) coherent states and the relevant algebra will be defined.
The end of this rather technical section will be devoted to the physical interpretation
of the choice of so(2r) as the algebra for the mean-field procedure. In section 4 the
classical Hamiltonian Hcl will be deduced and the functional dependence in terms of
quantum operators expectation values will be investigated. Finally, in section 4.1 the
analysis of the classical dynamical system whose Hamiltonian is Hcl is performed: Lie-
Poisson brackets (namely the ‘classical’ commutators) and, consequently, the evolution
equations for the dynamical variables are given.
2. Model Description
In (1), along the lines introduced in (9), a generalized Hubbard Hamiltonian has been
introduced to describe the behavior of alkali-metal fermionic atoms in a one-dimensional
optical lattice of oblate three dimensional (2+1D) Harmonic Oscillators (pancakes)
Hˆ =
∑
α
λαnˆα +
∑
α,β
Tα,β cˆ
†
αcˆβ +
∑
α,β,γ,δ
Uα,β,γ,δ cˆ
†
αcˆ
†
β cˆδ cˆγ . (1)
In Eq. (1), α must be considered as a multiple index α = {iα, nα = 0, Jα, mα, σα}
whose origin can be traced back to the space(+local)-modes approximation. In this
picture nα, Jα and mα are the local 2+1 D Harmonic Oscillator quantum numbers, iα
is the site quantum number and σα is the spin quantum number. In the following we
will confine our analysis to situation where radial modes only are involved in the system
dynamics (i.e. we will “freeze” the axial quantum number nα to zero). The validity
of this assumption is guaranteed as long as the radial trapping frequency Ω⊥ is much
smaller than the axial trapping frequency ωx, i.e. Ω⊥/ωx ≪ 1. In this case the tunneling
coefficient assumes the following form:
Tα,β = δJα,Jβδmα,mβδσα,σβTiα,iβ (2)
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if we allow nearest-neighbor hopping only
Tiα,iβ = Tδiα+1,iβ , (3)
where T is a known function of the external parameters. Another assumption concerns
the two-body interaction term Uα,β,γ,δ, which is treated within the pseudopotential
approximation, leading to a delta-like spatial dependence, thus excluding nearest-
neighbor two-body interaction terms. If the fermionic nature of the interacting particles
is taken into account we have
Uα,β,γ,δ = δiα,iβ ,iγ ,iδδσα,σγδσβ ,σδδσα,−σβU{Jα,mα},{Jβ ,mβ},{Jγ ,mγ},{Jδ,mδ} . (4)
Finally, we give the expression for the one-particle energy term which is essentially given
by the single-particle energy of the 3D Harmonic Oscillator
λiα,nα,Jα,mα,σα =
[
~ωx
(
nα +
1
2
)
+ ~Ω⊥ (2Jα + 1)− Tiα,iα
]
, (5)
where Tiα,iα represents a “hopping correction” to the single particle energy term.
For the case considered in Fig. 2 the selection rules imposed on the two-body
interaction term select three possible values on Uα,β,γ,δ that can be classified as: i) lowest-
level/ lowest-level interaction terms, ii) lowest-level/highest-level interaction terms, iii)
highest-level/highest-level interaction terms.
Figure 2. Schematic view of the single-particle energy levels. Up and down arrows
represent possible spin values. We have explicitly indicated single-particle quantum
numbers for the left-hand-side well. Analogously, it is possible to define quantum
numbers for the right-hand-side well.
3. Coherent States
Since in our mean-field analysis we would like to keep trace of the (possible) atom
pairing, the most appropriate coherent-states algebra seems to be, according to (4), the
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algebra spanned by the r(2r − 1) operators {cˆ†αcˆβ(1 ≤ i, j ≤ r), cˆαcˆβ, cˆ
†
αcˆ
†
β}, i.e. so(2r).
Its commutation relations can be written as[
Y 1αβ, Y
1
γδ
]
=
[
Y 2αβ, Y
2
γδ
]
= 0[
Y 1αβ, Y
2
γδ
]
= Y 3γβδαδ + Y
3
δαδβγ − Y
3
γαδβδ − Y
3
δβδαγ[
Y 1αβ, Y
3
γδ
]
= Y 1αδδβγ − Y
1
βδδαγ[
Y 2αβ, Y
3
γδ
]
= Y 2βγδαδ − Y
2
αγδβδ , (6)
having defined
Y 1αβ = cˆαcˆβ , (7)
Y 2αβ = cˆ
†
β cˆ
†
α , (8)
Y 3αβ = cˆ
†
αcˆβ . (9)
With the above definitions the coherent states can be expressed as
|φ〉 = exp
[
−
∑
1≤α6=β≤r
(
ηα,β cˆ
†
αcˆ
†
β −H.c.
)]
|0 > . (10)
To evaluate the expectation value of the Hamiltonian Hˆ defined by equation (1)
over the coherent state of the form (10), it is necessary to evaluate the action of the
operator
Ωˆ = exp
[
−
∑
1≤α6=β≤r
(
ηα,β cˆ
†
αcˆ
†
β −H.c.
)]
(11)
over the fermionic raising and lowering operators. Namely
Ωˆ†cˆ†αΩˆ = exp
[ ∑
1≤i 6=j≤r
(
ηi,j cˆ
†
i cˆ
†
j − η
∗
i,j cˆj cˆi
)]
cˆ†α
exp
[
−
∑
1≤i 6=j≤r
(
ηi,j cˆ
†
i cˆ
†
j − η
∗
i,j cˆj cˆi
)]
(12)
which, exploiting the BCH formula (4) can be written as
Ωˆ†cˆ†αΩˆ =
∑
m
1
m
[∑
ij
ηi,j cˆ
†
i cˆ
†
j − η
∗
i,j cˆj cˆi
]
m
. (13)
It can be shown that in the last summation the two first terms only survive, leading to
to the following expression for Ωˆcˆ†αΩˆ
† and ΩˆcˆγΩˆ
† respectively
Ωˆ†cˆ†αΩˆ = cˆ
†
α +
∑
i
ζ∗iαcˆi ,
Ωˆ†cˆγΩˆ = cˆγ +
∑
i
ζmγ cˆ
†
m
with ζij = 2ηij.
We are now in the position to evaluate
Hcl = 〈φ|Hˆ− µNˆ |φ〉 , (14)
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where the term µNˆ has been added to take into account the particle number constraint.
With Eq. (10), Eq. (14) becomes
Hcl = 〈0|Ω
[(
Hˆ0 + HˆI
)]
Ω†|0〉 , (15)
where
Hˆ0 =
∑
α,β
Γα,β cˆ
†
αcˆβ ,
HˆI =
∑
α,β,γ,δ
Uα,β,γ,δ cˆ
†
αcˆ
†
β cˆδcˆγ ,
with Γα,β = λαδα,β − Tα,β − µδα,β. Since Ω is a unitary operator, we can write
Ωˆ†Hˆ0Ωˆ =
∑
α,β
Γα,βΩˆ
†cˆ†αΩˆΩˆ
†cˆβΩˆ ,
Ωˆ†HˆIΩˆ =
∑
α,β,γ,δ
Uα,β,γ,δΩˆ
†cˆ†αΩˆΩˆ
†cˆ†βΩˆΩˆ
†cˆδΩˆΩˆ
†cˆγΩˆ . (16)
The following expectation values must then be evaluated. For the one-body term
Ωˆ†Hˆ0Ωˆ =
∑
α,β
Γα,β
[
cˆ†α +
∑
i
ζ∗iαcˆi
]
·
[
cˆβ +
∑
k
ζkβ cˆ
†
k
]
(17)
and for the interaction term
Ωˆ†HˆIΩˆ =
∑
α,β,γ,δ
Uα,β,γ,δ
[
cˆ†α +
∑
i
ζ∗iαcˆi
]
·
[
cˆ†β +
∑
j
ζ∗jβ cˆj
]
·
[
cˆδ +
∑
k
ζkδcˆ
†
k
]
·
[
cˆγ +
∑
l
ζlγ cˆ
†
l
]
. (18)
As it can be directly verified, in the calculation of the expectation values over the
vacuum state |0〉 only the following terms survive
〈0|Ωˆ†Hˆ0Ωˆ|0〉 =
∑
α,β
∑
ij
Γα,βζ
∗
iαζjβ〈0|cˆicˆ
†
j|0〉 , (19)
〈0|Ωˆ†HˆIΩˆ|0〉 =
∑
α,β,γ,δ
Uα,β,γ,δ
(∑
i,j,k,l
ζ∗iαζ
∗
jβζkδζlγ〈0|cˆicˆj cˆ
†
kcˆ
†
l |0〉
+
∑
i,j
ζ∗iαζjγ〈0|cˆicˆ
†
β cˆδcˆ
†
j |0〉
)
. (20)
The two expectation values over the vacuum state give
〈0|cˆicˆ
†
j |0〉 = δij (21)
〈0|cˆicˆj cˆ
†
l cˆ
†
k|0〉 = δilδjk − δjkδil (22)
〈0|cˆicˆ
†
β cˆδ cˆ
†
j |0〉 = δiβδjδ (23)
hence
Hcl =
∑
αβ
Γαβ
∑
i
ζ∗iαζiβ+
∑
α,β,γ,δ
Uα,β,γ,δ
[∑
i,j
(
ζ∗iαζ
∗
jβζjδζiγ − ζ
∗
iαζ
∗
jβζiδζjγ
)
+ ζ∗βαζδγ
]
(24)
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4. Effective Hamiltonian
Hamiltonian (24) can be shown to represent the effective Hamiltonian associated with
Hˆ within the time-dependent variational principle procedure (4). The latter is based on
approximating the quantum states of the system by a trial state |Ψ〉 satisfying the weak
form of the Schro¨dinger equation 〈Ψ|i~∂t− Hˆ|Ψ〉 = 0. Here, we assume that |Ψ〉, up to
an irrelevant phase factor, is the coherent state defined in equation (10). The variational
procedure allows one to derive the effective Lagrangian S˙ = 〈Ψ|i~∂t− Hˆ|Ψ〉, depending
on dynamical variables ζαβ, which in turn supplies the effective Hamiltonian (24). Such
a procedure provides as well the dynamical equations pertaining to Hamiltonian (24)
and the relevant Lie-Poisson brackets. The latter exhibit the same algebraic structure
of commutators (6) and will be defined below.
A quite direct physical insight about coherent-state parameters ζαβ is achieved when
considering the expectation values for the elements of the Lie algebra so(2r) over the
coherent states |φ〉. We have
〈φ|cˆ†αcˆ
†
β |φ〉 = ζ
∗
βα , (25)
〈φ|cˆ†αcˆβ |φ〉 =
∑
i
ζ∗iαζiβ = ξαβ , (26)
〈φ|cˆαcˆβ |φ〉 = ζαβ , (27)
showing how parameters ζαβ are related to microscopic physical processes of
creation/destruction of lattice fermions. Moreover Eq. (24) can be written as
Hcl =
∑
αβ
Γαβξαβ +
∑
α,β,γ,δ
Uα,β,γ,δ
[
(ξαγξβδ − ξαδξβγ) + ζ
∗
βαζδγ
]
. (28)
The three terms represent the direct, the exchange and the pairing term in the HFB
mean-field approximation.
4.1. Evolution Equations for the canonical variables
According to (4) the variables ζαβ, ζ
∗
αβ and ξαβ represent the canonical variable for the
classical Hamiltonian Hcl. With a well-known procedure (10) it is possible to describe
the time evolution of those canonical variables in terms of their Poisson brackets with
Hcl. To write the Lie-Poisson brackets for the given dynamical system we can make
explicit the structure constants for the so(2r) algebra
c q,µ,ν1,α,β;1,γ,δ = c
q,µ,ν
2,α,β;2,γ,δ = 0 ,
c q,µ,ν1,α,β;2,γ,δ = δq,3 (δµγδνβδαδ + δµδδναδβγ − δµγδναδβδ − δµδδνβδαγ) ,
c q,m,n1,α,β;3,γ,δ = δq,1 (δµαδνδδβγ − δµβδνδδαγ) ,
c q,m,n2,α,β;3,γ,δ = δq,2 (δµβδνγδαδ − δµαδνγδβδ) . (29)
Thus the Poisson brackets have the following form
Mean-field algebraic approach 8
{f, g} =
∑
αβγδ
(ξγβδαγ − ξγαδβδ + ξδαδβγ − ξδβδαγ)
(
∂f
∂ζαβ
∂g
∂ζ∗γδ
−
∂f
∂ζ∗γδ
∂g
∂ζαβ
)
+
+ (ζαδδγβ − ζβδδγα)
(
∂f
∂ζαβ
∂g
∂ξγδ
−
∂f
∂ξγδ
∂g
∂ζαβ
)
+
+ (ζγβδαδ − ζαγδβδ)
(
∂f
∂ζ∗αβ
∂g
∂ξγδ
−
∂f
∂ξγδ
∂g
∂ζ∗αβ
)
+
+ (ξβδδγα − ξαγδβδ)
(
∂f
∂ξαβ
∂g
∂ξγδ
−
∂f
∂ξγδ
∂g
∂ξαβ
)
. (30)
Remembering that
ζ˙ρ,θ = {ζρ,θ, H} , (31)
it is possible to write
ζ˙ρ,θ =
∑
α
(Γραζθα − Γθαζρα) +
∑
αγη
[Uαργη (ζθγξαη − ζθηξαγ) + Uαθγη (ζρηξαγ − ζθγξαη)]
∑
βγη
[Uρβγη (ζθηξβγ − ζθγξβη) + Uθβγη (ζρηξβγ − ζργξβη)] +
∑
αγη
ζηγ (Uαθγηξαρ − Uαργηξαθ) +
∑
βγη
ζηγ (Uρβγηξβθ − Uθργηξβρ) (32)
that provide the set of dynamical equations governing the evolution of the coherent
state that approximates the system quantum state. In particular, they allow to find
the mean-field ground the state for the system and to perform a weakly-excited state
analysis.
5. Conclusions
In this paper we have formulated an HFB mean-field approximation for a one-
dimensional array of oblate Harmonic Oscillators loaded with neutral fermionic atoms.
As already pointed out by Grasso et al. (8), the numerical solution to Eq. (32) appears
to be rather demanding from a computational point of view. It seems then appropriate
for future work to concentrate on the simplest situation beyond known models like, as
already mentioned, a dimer with a six-level local structure.
In this case the evaluation of ground-state properties in this mean-field picture as a
function of the relevant parameters(i.e Tα,β, Uαβγδ, µ) reduces to the fixed-point analysis
of Eq.(32). Moreover, an extension to finite-temperature properties does not seem
beyond the possibilities of the analytical techniques here outlined and may represent
one of the future lines of research.
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Appendix A. Expectation values calulation
In the present section we will explicitly calculate the terms obtained form Eqs. (17,18)
leading to Eqs. (19). To evaluate (17) we need to perform the following product
calculation
Ωˆ†Hˆ0Ωˆ =
∑
αβij
Γα,β
[
cˆ†α +
∑
i
ζ∗iαcˆi
]
·
[
cˆβ +
∑
j
ζjβ cˆ
†
j
]
(A.1)
which is equal to
Ωˆ†Hˆ0Ωˆ =
∑
αβ
[
cˆ†αcˆβ +
∑
i
ζ∗iαcˆicˆβ +
∑
j
ζjβ cˆ
†
αcˆ
†
j +
∑
ij
ζ∗iαζjβ cˆicˆ
†
j
]
. (A.2)
The evaluation of Eq. (A.2) over the vacuum state |0〉 leads to vanishing contributions
for all non number-conseving terms and for all the terms with a lowering operator on
the right-hand side (or a raising operator on the left-hand side). Namely (see Eq. (19)
〈0|Ωˆ†Hˆ0Ωˆ|0〉 =
∑
αβ
∑
ij
Γα,βζ
∗
iαζjβ〈0|cˆicˆ
†
j|0〉. (A.3)
With an analogous procedure it is possible to evaluate the expression given by Eq.
(18)
Ωˆ†HˆIΩˆ =
∑
α,β,γ,δ
Uα,β,γ,δ
[
cˆ†α +
∑
i
ζ∗iαcˆi
]
·
[
cˆ†β +
∑
j
ζ∗jβ cˆj
]
·
[
cˆδ +
∑
k
ζkδcˆ
†
k
]
·
[
cˆγ +
∑
l
ζlγ cˆ
†
l
]
(A.4)
leading to
Ωˆ†HˆIΩˆ =
∑
α,β,γ,δ
Uα,β,γ,δ
[
cˆ†αcˆ
†
β cˆδ cˆγ +
∑
k
ζkδcˆ
†
αcˆ
†
β cˆ
†
kcˆγ +
∑
l
ζlγ cˆ
†
αcˆ
†
β cˆδ cˆ
†
l +
∑
kl
ζlγζkδcˆ
†
αcˆ
†
β cˆ
†
kcˆ
†
l+∑
j
ζ∗jβ cˆ
†
αcˆj cˆδ cˆγ +
∑
jk
ζ∗jβζkδcˆ
†
αcˆj cˆ
†
kcˆγ +
∑
jl
ζ∗jβζlγ cˆ
†
αcˆj cˆδcˆ
†
l +
∑
jkl
ζ∗jβζlγζkδcˆ
†
αcˆj cˆ
†
kcˆ
†
l +
∑
i
ζ∗iαcˆicˆ
†
β cˆδ cˆγ +
∑
ik
ζ∗iαζkδcˆicˆ
†
β cˆ
†
kcˆγ +
∑
il
ζ∗iαζlγ cˆicˆ
†
β cˆδcˆ
†
l +
∑
ikl
ζ∗iαζlγζkδcˆicˆ
†
β cˆ
†
kcˆ
†
l +∑
ij
ζ∗iαζ
∗
jβ cˆicˆj cˆδ cˆγ +
∑
ijk
ζ∗iαζ
∗
jβζkδcˆicˆj cˆγ cˆ
†
k +
∑
ijl
ζ∗iαζ
∗
jβζlγ cˆicˆj cˆδ cˆ
†
l +
∑
ijkl
ζ∗iαζ
∗
jβζkδζlγ cˆicˆj cˆ
†
kcˆ
†
l
]
. (A.5)
With the same argument needed to obtain Eq. (A.3) we can write the expectation value
of the operator defined by Eq. (A.5) over the vacuum state |0〉 as
〈0|Ωˆ†HˆIΩˆ|0〉 =
∑
α,β,γ,δ
Uα,β,γ,δ
(∑
i,j,k,l
ζ∗iαζ
∗
jβζkδζlγ〈0|cˆicˆj cˆ
†
kcˆ
†
l |0〉+
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+
∑
i,j
ζ∗iαζjγ〈0|cˆicˆ
†
β cˆδcˆ
†
j |0〉
)
(A.6)
which is the expression given by Eq. (20).
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